Self-equivalences of pseudo-projective planes II: simple equivalences  by Olum, Paul
Topology Vol. 10. pp. 257-260. Pcrgamon Press. 1971. Primed ia Great Brna~o 
SELF-EQUIVALENCES OF PSEUDO-PROJECTIVE PLANES II: 
SIMPLE EQUIVALENCES 
PAUL OLLJMt 
(Receiwd 12 August 1969; revised 3 August 1970) 
11. INTRODUCTION 
LET P4 denote the pseudo-projective plane of order 4, (I a positive integer; it is the space 
formed from the unit disk by the identification on S’ in polar coordinates: 
Clearly, we have n,(P,) = Z, . 
In the first paper of this title [3] we studied the self-equivalence group J(PJ, i.e., the 
group of (based) homotopy classes of homotopy equivalences of P4 into itself. The reader’s 
familiarity with that paper will be assumed. 
It was announced in [3] that we would, in a subsequent paper, consider the problem of 
“ simple ” self-equivalences or, more generally, the computation of the Whitehead torsion of 
the elements of &(PJ. Using the results from p] on the algebraic structure of $(PJ it is not 
difficult to write down for each self-equivalence class a matrix which represents its torsion. 
This torsion is an element of the Whitehead group Wh(Z,) whose structure has for some time 
remained a troublesome algebraic problem. However, the necessary information about it is 
now known (see Bass [1, p. 6231) and we shall describe and use this information below in 
Section 2. 
With this we can determine explicitly the subgroup of simple self-equivalences and its 
position in the full group of self-equivalences. For this purpose it is somewhat neater if we 
consider equivalences of Pp with respect to free homotopy; the corresponding results for 
based homotopy are essentially immediate from those for the free case (see [3, (7.1)]). We 
get .then the following result: 
THEOREM 1.1. (a) For each automorphism of the fundamental group 2, , there is exactly 
one simpIe self-equivalence inducing it. (b) The fill self-equivalence group of P4 is a semi- 
direct product of two abelian subgroups: the simple equivalences and the equivalences which 
induce the identity on the fundamental group. 
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The proof (and some additional details) are given in Section 3 below. 
The notation of [3] is used throughout. 
$2. COMPUTATXON OF TORSION 
Letf: P, -, P4 be a self-equivalence. In [3, $11 we associated with each suchf an element 
yr in V,, , the group of units in the quotient ring: 
(2.1) r4 = Z[Z,-J/( 1 + a + . . . + a¶- ‘), 
where a is a multiplicative generator of nl(Pq) = Zp. The unit y, determines the homotopy 
class off and we want now to compute r(f), the Whitehead torsion off, in terms of y,. 
An element in Wh(Z,) is represented by a matrix in GL(m, Z[Z,]) and taking the 
determinant gives us a unit in Z [ZJ. Let i7,’ denote the units of Z [Z,] whose augmentation 
(i.e. sum of coefficients) is + 1 and let T,’ denote the trivial units 1, a, . . . , aqel in 8,‘. Then 
the determinant gives us an isomorphism 
(2.2) det: Wh(Z,) z u,‘/T,‘. 
That this is an isomorphism follows from [l, Ch. XI (7.3)]. 
The natural projection Z [Z,] -+ r4 induces a homomorphism o,l/T,’ --) U,‘/T,‘, where 
we denote by Uql the units of augmentation + 1 (mod q) in I-, and by Tql the trivial units in 
Uql. It is an elementary exercise to see that this is an isomorphism and composing with (2.2) 
gives us then an isomorphism 
(2.3) A : Wh(Z,) “N U,‘/T,‘. 
It is enough then to compute Ar(f). 
THEOREM 2.4. AT(f) =y,(l + a + ..* + 6-l}-’ modufo Tpl where f*(a) = d; here 
{1+a+ *.*+d-‘} isin U,. 
COROLLARY 2.5. f is a simpIe equicalence if and only if y/ = { 1 + a + ... + a’-‘} 
modulo Tql. 
Proof. The corollary follows at once from the theorem and (2.3). We proceed then to 
prove the theorem. 
The universal cover P,, of P4 consists of q disks with a common circumference; the pro- 
jection on P, and the covering transformations (which we identify with zl(Pq) and denote as 
l,a,...,aqwl) are obvious. We may take P4 as a cell complex with a single cell go, cl, cz in 
each dimension. Then rj, becomes a cell complex with q cells in each dimension; we write 
them as aieo, a’e,, aiel , where in each case i runs from 0 to q - 1. Clearly then, with cot%- 
cients in Z[Z,] : 
(2.6) f?e, = 0 f3e, = (a - l)e, de, = (1 + a + . .. + uq-‘)eI. 
-. Letf: p, --t .$, be the map covering5 It will be helpful if we denote the chains of H, as 
domain by C’(P,) and those of p, as range by C(p,). Also, by an appropriate deformation, 
we may assume f and hencefcellular and (since f*(a) = 6) in such a way that the chain map 
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f, : C’(PJ ---) C(P,) is gi ven on the generators by 
(2.7) f&e) = e. ?#(e,)=(I +a+...+6-‘)e, 3ded = h4e2 
where p(a) is some polynomial in a. Using (2.7) a simple geometrical computation (which 
we leave to the reader) of y, from the definition in [3, (1 .S)] shows, as one would expect, that 
(2.8) Y, = Ma)> in u,. 
The chain mapf, is not a module homomorphism sincef,(u ej) = uSj’#(ej). We make 
it one, however, by redefining the operation of Z, on C’(P,), letting dej now denote the 
cell we have previously designated uej; the operation is left unchanged on C(FJ. 
With this done, we form the algebraic mapping cylinder M(3#) relative to C’(B,) as in 
[4, p. 481. It is generated by the cells e, , e,, e2 of the range P, and three new cells sr, Ed, e3 
arising from the e, , e,, ez of the domain. Using (2.6) and (2.7) above, the boundary operator 
d in M(f#) is, by [4, p. 481, 
(2.9) 
de, = (a - l)e, d&, = e, deez=(I +u+~.~+a4-‘)e, 
d&,=(1 -2)~ +(l +u+...+d-‘)e, 
de, =p(a)e, - (1 + a + ... + a¶-‘)Q. 
Since in applying the A of (2.3) we shall be passing to the ring 14, we may as well.make 
the change of rings now and work modulo (1 + u + . . + a’-‘). Using (2.8), this-gives us 
then de, = 0 and dtj = y/e, in (2.9). 
We can now compute the torsion easily from the chain complex of (2.9) with the given 
basis. Following [2, p. 3651 and replacing the elements of the Whitehead group by their 
determinants, we get at once that ArCf) = 7, (1 + a + ... + rf-l}-’ modulo Tql, as 
asserted. 
93. EQUIVALENCES AND SIMPLE EQUIVALENCES 
Let fl(P,) denote the self-equivalence group of P4 in the sense of free homotopy and let 
P;‘(P,) denote the subgroup consisting of those equivalences which induce the identity on 
n,(P,). Let P’(P,) be the subgroup of simple equivalences in P(P,). 
We have then a commutative diagram 
P(P,) ---% P(P,) k Y(P,) 
(3.1) 
= ICI 
I 
= I( 
I 
= * 
1 :LG’ i E, A, 
I 
T4l - T,‘tTi- 
Aut Z,---- 1. 
The bottom sequence is the split exact sequence of [3, (7.1)] with the automorphism group 
Aut 2, identified with the group Z,* of reduced residues mod q. 
The homomorphism CI assigns to an equivalence class {f} the induced automorphism 
f* : n, -13 x1 and K and rcl assign to {f } the unit y, mod T,l ; this makes sense for free homo- 
topy by [3, (7.1)]. The maps j, and j2 are inclusions. 
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For commutativity, the left square is immediate. On the right, the splitting B is given by 
B(s)= {I +a+...+6-‘)modT,‘forsEZp *, from [3, Theorem 3.51. Hence Bz = tcjcj2 by 
Corollary 2.5 above and the diagram commutes. 
That K and K’ are isomorphisms follows from [3, (7. l)] since A(!/) = 1 impliesf,(a) = a 
by [3, (I.lO)]. Finally CL is an isomorphism by Corollary 2.5. 
Theorem 1.1 is then immediate from diagram (3.1). 
Remark 3.2. For any s E Z,* = Aut Z,, we can construct explicitly a simple self- 
equivalence inducing it by applying the procedure of [3, (7.91 to the unit 
y = { 1 + u -I- . . . + K’}. 
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